LOCAL CALABI AND CURVATURE ESTIMATES FOR THE 

CHERN-RICCI FLOWt 



MORGAN SHERMAN AND BEN WEINKOVE 



Abstract. Assuming local uniform bounds on the metric for a solution of the Chern-Ricci 
£C) ' flow, we establish local Calabi and curvature estimates using the maximum principle. 
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1. Introduction 

Let (M, g) be a Hermitian manifold. The Chern-Ricci flow starting at g is a smooth flow 
of Hermitian metrics g = g(t) given by 

d_ 

where i?S := —didjlogdet g is the Chern-Ricci curvature of g. If g is Kahler, then the 
Chern-Ricci flow coincides with the Kahler-Ricci flow. 

The Chern-Ricci flow was introduced by Gill [11] and further investigated by Tosatti and 
the second-named author |25[ [26] . This flow has many of same properties as the Kahler- 
Ricci flow. For example: on manifolds with vanishing first Bott-Chern class the Chern-Ricci 
flow converges to a Chern-Ricci flat metric [llj; on manifolds with negative first Chern 
, class, the Chern-Ricci flow takes any Hermitian metric to the Kahler-Einstein metric |25j ; 

when M is a compact complex surface and g is 53-closed, the Chern-Ricci flow exists until 
either the volume of the manifold goes to zero or the volume of a curve of negative self- 
intersection goes to zero [25J; if in addition M is non-minimal with nonnegative Kodaira 
dimension, the Chern-Ricci flow shrinks exceptional curves in finite time [26] in the sense of 
Gromov-Hausdorff. These results are closely analogous to results for the Kahler-Ricci flow 

Ha hdi nana 129. 

In this note, we establish local derivative estimates for solutions of the Chern-Ricci flow 
assuming local uniform bounds on the metric, generalizing our previous work |21] on the 
Kahler-Ricci flow. Our estimates are local, so we work in a small open subset of C n . Write 
B r for the ball of radius r centered at the origin in C n , and fix T < oo. We have the 
following result (see Section [2] for more details about the notation). 

Theorem 1.1. Fix r with < r < 1. Let g(t) solve the Chern-Ricci flow {ZHP in a 
neighborhood of B r for t G [0, T]. Assume N > 1 satisfies 

(1.2) ^g<g(t)<Ng onB r x[0,T}. 

Then there exist positive constants C,a,/3 depending only on g such that 
CN a 

(i) |V<?|g < — 2 — 071 Br/2 x [0)^1 > where V is the Chern connection of g. 
CN 13 

(ii) |Rm|g < — — on B r ^ x [0,T], for Rm the Chern curvature tensor of g. 
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Note that the estimates are independent of the time T and so the results holds also for 
time intervals [0,T) or [0, oo). The dependence of the constants on g is as follows: up to 
three derivatives of torsion of g and one derivative of the Chern curvature of g (see Remarks 
I3.ll ancl l4.ip . We call the bound (i) a local Calabi estimate [2] (see [29] for a similar estimate 
in the elliptic case). 

As a consequence of Theorem 11.11 we have local derivative estimates for g to all orders: 

Corollary 1.2. With the assumptions of Theorem \l.ll for any e > with < e < T, there 
exist constants C m , a m and 7 m for m = 1, 2, 3, . . . depending only on g and e such that 

|VJfag<-=^- onB r/8 x[e,T], 

where Vr is the Levi-Civita covariant derivative associated to g. 

Note that our assumption (|1 .2|) often holds for the Chern-Ricci flow on compact subsets 
away from a subvariety. For example, this always occurs for the Chern-Ricci flow on a 
non-minimal complex surface of nonnegative Kodaira dimension |25[ [26] . It has already 
been shown by Gill [11 J that local derivative estimates exist using the method of Evans- 
Krylov [9] [H] adapted to this setting. The purpose of this note is to give a direct maximum 
principle proof of Gill's estimates, and in the process identify evolution equations for the 
Calabi quantity |Vg|g and the Chern curvature tensor Rfj^j, which were previously unknown 
for this flow. In addition, we more precisely determine the form of dependence on the 
constants N and r. We anticipate that this may be useful, for example in generalizations 
of arguments of [20j . 

In the case when g is Kahler, so that g(t) solves the Kahler-Ricci flow, the above result 
follows from results of the authors in [21] . The more general case we deal with here leads to 
many more difficulties, arising from the torsion tensors of g and g. For these reasons, our 
conclusions here are slightly weaker: for example, we cannot obtain the small values (a = 3 
and j3 = 8) in the estimates of (i) and (ii) that we achieved in |21] , 

The second-named author thanks Valentino Tosatti and Xiaokui Yang for some helpful 
discussions. 



2. Preliminaries 

In this section we introduce the basic notions that we will be using throughout the paper. 
We largely follow notation given in [25]. Given a Hermitian metric g we write V for the 
Chern connection associated to g, which is characterized as follows. Define Christoffel 
symbols T\ k = g sl digks- Let X = X l J^ be a vector field and let a = dz k be a (1, 0) form. 
Then 

(2.1) ViX 1 = 8iX l + T l ir X r , Vidj = cVj " Iydr. 

We can, in a natural way, extend V to act on any tensor. Note that V makes g parallel: 
i.e. Vg = 0. Similarly we let V denote the Chern connection associated to g. 
Define the torsion tensor T of g by 

(2.2) T,/ \% Ij; 

We note that q is Kahler precisely when T = 0. We write Tjz k := — := T k - — T k - 

for the components of the tensor T. We lower and raise indices using the metric g. For 
example, T^ k = g m g^g^T-J. 

We define the Chern curvature tensor of g to be the tensor written locally as 

(2-3) V = -¥l*- 
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Then 

(2-4) R m = + sTaaudpto. 



where again we have lowered an index using the metric g. Note that Rfj k j = RjH k holds. 
The commutation formulas for the Chern connection are given by 

[V,, Vj]X l = R iJk l X k , [V h Vj]X^ = -R^jX 1 

(2.5) [V 4j Vj]a k = -R fjk l a h [V,, Vj]ai = R-^. 

Because g is not assumed to be a Kahler metric the Bianchi identities will not necessarily 
hold for Rj-j k j- However their failure to hold can be measured with the torsion tensor T 
defined above: 

Rijkl ~ R-kjfl = ~^i^iki 
Rfjkl ~ Rfikj = ~^iTj lk 

RfjU ~ Rklfj = ~^i^iki ~ ^kTj u = — VjTjj fc — VjT ik j 

(2- 6 ) V ¥%fcl - V J R iqkl = - T qj SR iskl- 

These identities are well-known (see [27J for example). Indeed, it is routine to verify the 
first line, and the second and third lines follow directly from it. Furthermore the fifth line 
follows directly from the fourth. For the fourth line we calculate: 

^pRfJk = ~^p(djTik) = ~~ d p djT l ik — Y pr djT r ik + T r pi djT rk + T r pk djT l ir . 
Swapping the p and i indices, subtracting, and combining terms, we find 

^pRfjk ~ ^iRp]k = ~T P i r R r jk + ®j {dfipk — dp^lk + r l ir Tp k — rj^r^ 

Now one checks that the quantity in parentheses vanishes. 
We define the Chern-Ricci curvature tensor by 

(2-7) R c q = g lk R m = -dialog det 5 . 

Note that y/-LR9dz i Adz j is a real closed (1,1) form. We will suppose that g = g(t) satisfies 
the Chern-Ricci flow: 

d 

(2-8) -r^gg = -Rf p 9q\t=o = %, 

for t G [0, T] for some fixed positive time T. We will use V, T l ik , T ik l , Rq ki etc to denote 
the corresponding quantities with respect to the metric g. Define a real (1,1) form uj = to it) 
by to = ^Y^gfjdz 1 A dz^ and similarly for to. From (|2.8p we have that 

(2.9) u = to + r](t) 

for a closed (1,1) form r\. Hence 

(2-10) T ikJ = f tkl . 

Here we raise and lower indices of T using the metric g, in the same manner as for g above. 
Note that T ikJ = g rJ T ik r = d t g kl - d k g fl and f tkJ = g r jf ik ^ = d t g kl - d k g fl . 

It is convenient to introduce the tensor ^i k l = Y\ k — Y\ k . We raise and lower indices of 
^ using the metric g, and write for the components of vl/. We note here that ^ can be 
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used to switch between the connections V and V. For example given a tensor of the form 
Xi J we have 

(2.11) VpXS - V P XS = -ypi r X r i + %r j Xi r . 

Observe that 

(2-12) V^ ik l = -R fjk l + R fjk l . 

We write A for the "rough Laplacian" of g, A = V^Vg, where V' = g^ p V p . Finally note 
that we will write all norms | • | with respect to the metric g. 

3. Local Calabi estimate 

In this section we prove part (i) of Theorem 11.11 We consider the Calabi-type [2j [28] 
quantity 

(3.1) S :=\^\ 2 = \Vg\ 2 . 

Our goal in this section is to uniformly bound S on the set B r / 2 , which we will do using 
a maximum principle argument. First we compute its evolution. Calculate 



AS = g^VpVg (f'g^gm^ij^a 

= |W| 2 + | W| 2 + g m g lj g k c(A%j k %^ 

+ *i/(A* a6 c + g^Rpqa r ^rb C + g^Rpqb^ar ~ 9™ Rpqr^ of ] 

= I W| 2 + | W| 2 + 2Re ((A**/)*^) 

+ (R/ r l * rj k + Rp P r j * ir k ~ Rp P k r ^ 3 r)^ lj k - 

From (I2.12p we have 

(3.2) A*y* = -V«i^/ + V«Ri- q] k . 



For the time derivative of S, first compute (cf. |17] in the Kahler case) 

dt 13 dt v 



(3-3) I- V = 4r& = -v,(n<V. 



Then 



= V*A + + + 2Re ((I V) 

= (^r^/^'fc + (i? c )^/*^ _ (i^^/tftf* - 2Re ((Vi(R% k W 3 k ) • 
Therefore 

(jt - A\s = - I W| 2 - | W| 2 + {R n p p - R*«) * fi * Vi + (#V " V 3 ') *y**V* 
- (i^r/ - V*f) *y** <jr - 2Re [(Vii^V + A ^/) 



LOCAL ESTIMATES FOR THE CHERN-RICCI FLOW 5 

By (|2.6p we can re-write the terms involving a difference in curvature using the torsion 
tensor T. For the term in square brackets we compute, using (|3.2p and again (|2.6p that 



ViRjK/ + A% fe =Vi ( V/ + VjF*! + V p T pj k ) - V q R m k + V q Rr q k 

^pRi^j Tip R r ^ j -\- \7 i\7 jT^ p -\- \7 i^J^Tpj ^ \7 q Rj-qj -\- \7 q Ripj 

— Tip R r ^ j -\- j\7 jT^ p -\- \7 j^^Tpj -\- Riqj • 

Hence S satisfies the following evolution equation 
^-A|S = -|W| 2 -|W| 2 

at J i i i i 

- (V fc T/* + V^TV) *y fc * ij ' r 
(3.4) - 2Re \(ViVjTP\ + V l VqT q j k - Wi* + S^Vpi^/) 



There are similar calculations to (|3.4p in the literature which generalize Calabi's argument 
[21 [28] : in the elliptic Hermitian case [61 [29] ; in the case of the Kahler-Ricci flow (see also 
[21]) in pSE]; and in other settings [27] 1241 [22] . 

For the remainder of this section we will write C for a constant of the form CN a for C 
and a depending only on g. Our goal is to show that S < C/r 2 . The constant C will be 
used repeatedly and may change from line to line, and we may at times use C or C\ etc. 

We would like to bound the right-hand side of (|3.4p . First, from (|2.10|) and (|2.11j) we 
have, for example, 

(3.5) V*V = g lk {%f ifl - %ff m ). 

This and similar calculations show that the second and third lines of (|3.4p can be bounded 
by C(S 3 / 2 + 1). Next we address the terms in the last line of the evolution equation for S. 

• Building on (|3.5|) we find 

V«V 6 %* = g kl (V„(V 6 % - *«■%) 

(3.6) -(V tf W r )% " *M r V a % r + tt K r *a/% 

and hence | ViV^-T^ can be bounded by C{S + |V*| + 1). 

• Similarly, 

life 



(3.7) -%^(Va4? - V^Wg - ^affipg)) , 



and so |ViVgT«/| can be bounded by C(5 + |W| + 1) 
• Next, using (I2TTT)]) and (I2TT21 : 



r n p k _ n sr qprp f f> k _ \7_\U k\ 
j. jp _rt r j — g y ± ' t p s I i i^rqj y q rj ) 

so we can bound |T ip r iy/| by C(|W| + 1). 
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• Finally, compute 

Vc> _ k v7 p _ k in r f> _ k ,t, r f> _ k , vry k f> _ r 
P i-lj — P iqj ^rqj w pj ^iqr i * pr ^iqj • 

So \gtPV p Riqj k \ can be bounded by C^S 1 / 2 + 1). 
Putting this all together we arrive at the bound 

(3.8) - A\ S < C(S 3/2 + 1) - ^(|W| 2 + |W| 2 ). 

We note here the bounds: 

(3.9) |Vtr^| 2 < CS 

(3.10) \VS\ 2 < 2S(|W| 2 + |V*| 2 ). 



The first follows from V p yg Jt gfjj = V p yg^gqj = g d% ^J v gq and the second follows from 

\\/S\ 2 = |V|^| 2 | |V|^| 2 | < 2|^| 2 (|W| 2 + |W| 2 ). Furthermore from [25, Proposition 3.1] 
(see also [6] in the elliptic case), we also have the following evolution equation for tr g g: 

J^-aW = -g 3p g*V k g ll V k g p - q -2Re^% l vV k g p - J ) 

+ g Jl (Vif/* - Rr q j) g m - g Jl (v^/ + v k f ik -) 
(3.11) +g ll ff q f lk p {g-g) p - q . 

(Here V fc = g' lk Vj and we have raised indices on the tensor Rm using g). This generalizes 
the second order evolution inequality for the Kahler-Ricci flow [3] (cf. [281 Q] ) . Hence we 
have the estimate 



(3.12) ( £ - A ) tv s g <-— + C{S 1 ' 2 + 1), 



d A S 
— - A tr s <7 < 

at ) a y - Co 

for a uniform positive constant Co (in fact we can take Co = N). 

We now would like to show that the evolution inequalities (|3.8l 13. 12[) imply a uniform 
bound on S = \Vg\ 2 on B T /2 x [0, T]. Choose a smooth cutoff function p which is supported 
in B r and is identically 1 on B r / 2 . We may assume that |Vp| 2 , \Ap\ are bounded by C/r 2 . 
Let K be a large uniform constant, to be specified later, which is at least large enough so 
that 

Y < K - tr s g < K. 

Let A denote another large positive constant to be specified later. We will use a maximum 
principle argument with the function (cf. [5]) 

S 

K - tr g g 

to show that S is bounded on B r i 2 . 

Suppose that the maximum of / on B r x [0, T] occurs at a point (xo,to)- We assume for 
the moment that to > and that xo does not lie in the boundary of B r . We wish to show 
that at (xo,to), S is bounded from above by a uniform constant C. Hence we may assume 
without loss of generality that S > 1 at (xo,to)- In particular, we have 

< 313 > (|-A)s<CS^-I(|V^ + |V*ft, (|_ A )tr W S-^+C 
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We compute at (xo,to), 



d_ 
at 



A\f = A 



0_ 

at 



a) tr^+(-A(p 2 )) 



S 



s 



a 



1 



4Re 



d_ 

K — tlgQ \dt 

1 



2p 2 S 



(K - trs 5 )3 



K - ti g g 

|Vtr § <?| 2 



A 5 - 4Re 



2Re 



K-tr g g ' r (K-tiggY \dt 
S 



A tigg 



P 



(K - t^g) 2 



Vp-VS 



(k - tv gg y 



Vtv g g ■ Vp 



yti g g ■ VS 



But since a maximum occurs at (xo,to) we have V/ = at this point, and hence 



2pVp 



S 



+ P Z 



vs 



Then at (xo, to) 
d_ 

at 



A)f = A 

+ P 



K - tr g g ' r K — tr §5 ' r (K - tr g g) 2 
A) tr^ + (-A(p 2 )) 



S 



+ P 



s 



K-tr g g r (K-tr g gy \dt 







A trs fl 



1 



K — tr^g \dt 







— - A \S - 4Re 



K - tr g g 



Vp-VS 



+ 



2A\Vtr g gf 
K - ti g g 



Making use of (13.91 13.101 13. 13j) and Young's inequality, we obtain at (xo,to), 



u£||-A|/i 



A 



2C, 



•S + CA) + 



o 



+ 



■s 2 + 



K 2 



+ 



-|L(| W | 2 + |VvI>| 2 ) 



AK 2 C 



S 2 + Cp 2 S 



< 



^(|W| 2 + |W| 2 ) + -^+^ 
4K Kr 2 J K 

A C f C A 

S + CA + -^rS + —S. 



2C n r 2 K 



Now pick K > ACqC so that at (xo,to), 

< 

Then choose A 



8C'C 



4C 

so that at (xq, to), 

c 



A C" 
' S + CA+ -jS. 



S < CA, 



giving a uniform upper bound for S. It follows that / is bounded from above by Cr 2 for 
a uniform C. Hence S on B r j 2 is bounded above by Cr~ 2 . 

It remains to deal with the cases when to = or xq lies on the boundary of B r . In either 
case we have /(xo>*o) — Atr§g(xo,to) < Cr~ 2 and the same bound holds. 

Remark 3.1. Tracing through the argument, one can see that the constants only depend 
on uniform bounds for the torsion and curvature of g, and one and two derivatives (with 

respect to V or V) of torsion and one derivative of curvature. 
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4. Local curvature bound 

In this section we prove part (ii) of Theorem 11.11 As in the previous section, we write 
C for a constant of the form CiV 7 for some uniform C, 7. We compute in the ball B r / 2 on 
which we already have the bound S < C/r 2 . 

Let Ak = ^gQ p (V p Vq + VgV p ). First we need an evolution equation for the curvature 
tensor. We begin with 

I V = I (-¥t*) = -»m (H) = -«k-v*(*<V) = 

and therefore, 

= -R q - lp p Ri lh q + v y v^. 

Now, computing in coordinates where g is the identity, we find 

=V p Vpi?jj fc j + -^{RppiqR q -jki ~ RppqjRiqkl + RppkqRfjql ~ RppqjRijkq) 

= V p (Vji?- fe j — T-jqR^j) + ^(RpmRqjkl ~ RppqjRiqkl + RppkqRfjqJ ~ RppqjRfjkq) 
=VjV p i?- fe j — R p jiqRqp k j + RpJqpRiqk'l ~ RpJkqRipqJ + RpJqjRipkq ~ ^ pi^pJqRiqkj) 

+ '^(RppiqRq'jkl ~ RppqjRiqkl + RppkqRfjqJ ~ RppqjRijkq) 
=Vj(Vji? p p fc j — T pi qR q - k j) — RpjiqRqpfJ + RpJqpRiqkJ ~ RpjkqRipq'l + RpJqjRipkq 

— V p(Tpj q R i7 j k j) + -^{RppiqRq-jkl ~ RppqjRiqkl + RppkqRfjqJ ~ RppqjRijkq) 

=VjVi{R k - lp - - V p T- lk - VjTpkp) - Vj{T pi qR qfkl ) 

~ RpjiqRqpkj + RpJqpRiqkJ ~ RpJkqRipqJ + RpjqjRipkq 



^p(TpjqRiqkl) + 2^ Ppiq ^dkl RppqjRiqkl + RppkqRijql RppqlRijkq) 



Hence 



0£ Am J — R q l p pRijkq + RpjiqRqpkl RpjqpRiqkl + RpjkqRipql RpjqlRipkq 

1 

- - (RppiqRqjkJ ~ RppqjRiqkl + RppkqRfjqJ ~ RppqjRijkq) 

(4-2) + v p (f_ J(? ^) + VjifrtR&a) + v jV,(v P T_ Ife + v r r pfcp ). 

To estimate this, we first compute 

^ 7 P^pJqRiqkl) = V^pTpjq ~ * pqrTpj r ) R^J + Tpj q V pR-fj, 

and this is bounded by C(|Rm|/r + |VRm|). Using the fact that i?- fc ' = -Vj^ ik l + R fjk l 
we have 

(4.3) |Rm| < |W| + C, 

and hence 

(4-4) |V P (%^)| < C (|VRm| + ^ + J) • 

Similarly for the term Vj(TpiqR q - k j). 
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The last two terms of (14.21) involve three derivatives of torsion. We claim that 



— — — — ( I Wl + IV^I 1 

(4.5) |VVVT|, |VVVT| < C |VRm| + l - l - + 

\ r r A 

Indeed, applying V s to (|3.6p . we have 

V B V a V 6 %* = g kl (v,V a V fe %, - %*V a V 6 % - %fV a V b % 

- Vc(^a 6 r V r %) - Ve(*a/ r V 6 %) - V^ M r V a % r .) 

(4.6) -V E (V * W r %) + V 5 (* W r *ar%)' 

The first three terms on the right hand side of (|4.6|) are bounded by C(v / 5* + 1) and hence 
by C/r. Next compute 

(4.7) 

V^ a( /'V r %) = (V,^)V r % + * o6 r W7 r % - ^ vv r % - %«V r %, 

which is bounded by C| V¥| + C\/S + CS 1 and hence by C(| W| + 1/r 2 ). The same bound 
holds for the other two terms on the second line of (|4.6j) . 
For the third line, compute 

V ? (V a 4V% r ) = (V Ve* W r + iW + ^aa P *6/ " i?ac/^bi P ) % 

+ (V a * K r ) (%T- 3r - %ff^j r - , 
and using the fact that Vc^u r = —Rbci r + Rbcf we obtain 

Vc(V tt * M r % r ) = ( " V a R m r + V a R m r - ^ab P Rp-ci r ~ *al P Rbcp r + * V ' Rbcl P 
+ Ra-cb^pf + Racl P ^bp r ~ Rac p r *bl P )fjj r 
+ (V a *M r ) fVe% - - 



It follows that 

(4.8) |Ve(V * w r %)| < C (jVRm| + ^ + M + ^ . 
Finally, 

y-c^U r ^ar S f Tjs ) = (-Rbcf + Rbci r )*ar% s + * V '(" Racr* + Ra&-*)%. 

giving 

(4.9) | V ,(^a/%J|<c(^ + l 

Putting together (14. 6} I4.7| 14.81 14.91) , and making use of (14. 3p , we obtain 

— — / IV^I + 1 Wl 1 
VVVTI < C iVRml + l - l - + 

and the bound for |VVVT| follows similarly. This completes the proof of the claim (|4.5j) . 

From (|4.4p and the claim we just proved, since the first two lines of (|4.2p are of the order 
|Rm| 2 , we have the bound 



(4.10) 



d 

— - Air ] Rru 



£ ( ' I |Rm| 2 + |VRm| + l - ^ l - + -3 
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Now 



| - ^) |RH 2 = 9 lh f k 9 l \R c ) m R lWl R al)C - d 



ijkl abed 



+ 2Re 

(4.11) -2|VRm| 2 . 
This together with (|4.10p and (|4.3p implies 



rtW((»-A^) V 



(| - A) |Hm|' < C (|Hm|> + |Bm|> + |VRm| . |Rm| + 0X!l±gS>!gH + 



To show |Rm| 2 is locally uniformly bounded we will use an argument similar to the 
previous section. Let p now denote a cutoff function which is identically 1 on B r u, and 
supported in B r / 2 . From the previous section we know that S is bounded by C/r 2 on B r / 2 . 
As before we can assume |V/?| 2 and |Ap| are bounded by C/r 2 . Let K = C\jr 2 where C\ is 
a constant to be determined later, and is at least large enough so that § < K-S < K. Let 
A denote a constant to be specified later. We will apply the maximum principle argument 
to the quantity 

As in the previous section, we calculate at a point (xq, to) where a maximum of / is achieved, 
and we first assume that to > and that xo does not occur at the boundary of B r / 2 . We 
use the fact that V/ = at this point, giving us 

° a) f =Ad - A)S + (-A( P 2 ))^ + p 2 y^^d - A)S 



dt ) J y 3t 1 v ^ "K-S r {K-S) 2K dt 



■') 1 . d a \ i 1 2 f 1 — , a\ 2A\VS\< 



+ p 2 — -(— - A)|Rm|^ - 4Re — -pVp ■ V\Rm\ z + 



K-S y dt n 1 \K-S r r 1 1 / K-S 

Our goal is to show that at (xo, to), we have |Rm| 2 < C/r 4 . Hence without loss of generality, 
we may assume that 1/r + |Rm|/r 3 < C|Rm| 3 and hence (|4.12p becomes 

(JL _ | Rm |2 < c (jRm| 3 + ^) " |VRm| 2 , 

where for convenience we are writing Q = (V 1 ! 7 ! 2 + | "WI/ 1 2 . For later purposes, recall from 
that |Rm| 2 <Q + C and from (l3TT0|) that |VS| 2 < 2SQ. 
Also note that |V|Rm| 2 | < 2|Rm||VRm|. By (HSJ) we find that on B r/2 we have 
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Using these, we find at (xo,to), 

CV|Rm| 2 p 2 \Rm\ 2 Q 



K 2 r 3 2K 2 



( 8ASQ 



First choose C\ in the definition of K to be sufficiently large so that 

8ASQ AQ 
K ~ ~4~' 

where we use the fact that 5 < C/r 2 . Next observe that 

CV|Rm| 3 p 2 |Rm| 2 Q 2 2 

— ^<^r~ + C P |Rm| , 

and hence 

|-a)/<^-^ + C'q + c. 

Now we may choose A sufficiently large so that A > 8C" and we obtain at (xo,to), 

C 

which implies that |Rm| 2 < C/r 3 at this point. It follows that at (xo,io)> / ^ s bounded 
from above by C/r 2 . The same bound holds if xq lies in the boundary of B r / 2 or if to = 0. 
Hence on B r j^ we obtain 

|Rm| 2 < % 
r 4 

as required. This completes the proof of Theorem 11.11 

Remark 4.1. In addition to the dependence discussed in Remark 13.11 the constants also 
depend on three derivatives of the torsion of g, with respect to V or V. 

5. Higher order estimates 

In this last section, we prove Corollary 11.21 by establishing the estimates for (VJ^gl? for 
m = 2, 3, . . .. For this part, we essentially follow the method of Gill [11] (cf. [H [H \W\ in 
the Kahler case), but since the setting here is slightly more general, we briefly outline the 
argument. In this section, we say that a quantity is uniformly bounded if it can be bounded 
by CN a r~" i for uniform C, a, 7. 

We work on the ball B r u, and assume the bounds established in Theorem 11.11 As in 
1251 . define reference tensors (qt)n = Qn — tR%, where iZS is the Chern-Ricci curvature of 
g. For each fixed x S M, let p> = (p(x, t) solve 

dip dets(t) 

^ = 1 ° g ^etF' ^= = °- 

Then gq = {gt)q + di&jip is the solution of the Chern-Ricci flow starting at g. 

Consider the first order differential operator D = where x 7 is a real coordinate. 
Applying D to the equation for ip, we have 

|(Z^) = g^Dg l3 - pDifi- = g^d^Dp) + g^D(g t )q - ^Dg tT 
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Hence, working in real coordinates, the function u = D{ip) satisfies a linear parabolic PDE 
of the form 

(5.1) dtu = a a P d x <*d x /3U + f , 

where A = (a"' 3 ) is a real 2n x 2n positive definite symmetric matrix whose largest and 
smallest eigenvalues A and A satisfy 

(5.2) C- 1 < A < A < C, 

for a uniform positive constant C. 

Moreover, the entries of A are uniformly bounded in the C" 5 / 2 '' 5 parabolic norm for < 
5 < 1. Indeed our Calabi-type estimate from part (i) of Theorem ll.il 



|V 5 | 2 < C, 

implies that the Riemannian metric gR associated to g is bounded in the C 1 norm in the 
space direction. On the other hand, 

— n- -RC — _J k T?- 

From the curvature bound of Theorem ll.il we know that g^Rfj^j is uniformly bounded for 
any fixed It follows that ^i{gR) a p is also uniformly bounded for any fixed a, (3. Thus 
we see that each entry a a ^ in the matrix A has uniform bounds in one space and one time 
derivative. This implies that a afi is uniformly bounded in the C" 5 / 2 ' 5 parabolic norm for any 
< 5 < 1. 

Next, note that u = in (|5.ip is bounded in the C° norm since g(t) is uniformly 
bounded and hence lddip\(jo is uniformly bounded. Moreover, / in f|5. 1 j) is uniformly 
bounded in the C" 5 / 2 ' 5 norm. 

We can then apply Theorem 8.11.1 in [15] to f)5. 1[) to see that u is bounded in the parabolic 
(ji+5/2,2+s norm on a slightly smaller parabolic domain: [e' , T] x B r i for any e' and r' with 
< e' < e and r/8 < r' < r/4. Tracing through the argument in [15], one can check that 
the estimates we obtain indeed are of the desired form. 

Now apply D to the equality g-j(t) = (g t )ij + didjip. We get 

D gil = D(g t ) l3 + d t dju, 
where we recall that D = d/dx 1 for some 7. Since we have bounds for u in 

C l+S/2,2+S thig 

implies that didju is bounded in C" 5 / 2,5 . Since D(gt)fj is uniformly bounded in all norms 

we get that Dg^ is uniformly bounded in C S ^ 2 ' S for all Since D = d/dx" 1 and 7 was 

an arbitrary index, it follows that d^a a ^ is uniformly bounded in C 5 / 2,<5 for all a, (3, 7. We 
have a similar estimate for d^f. Now apply Theorem 8.12.1 in [15] (with k = 1) to see that, 
for any a, d a u is uniformly bounded in (7 1 + 5 / 2 . 2 +< 5 on a slightly smaller parabolic domain. 
This means that D a (p is uniformly bounded in (7 1 +<V 2 . 2 + 5 f Q r any multi-index a G M 2n with 
\a\ < 2. 

We can then iterate this procedure and obtain the required C k bounds for git) for all k. 
This completes the proof of the corollary. 

Remark 5.1. In |21| . we showed how to obtain higher derivative estimates for curvature 
using simple maximum principle arguments (following [131 118j). However, in the case of 
the Chern-Ricci flow, there are difficulties in using this approach because of torsion terms 
that need to be controlled. An alternative method to proving the estimates in this section 
may be to generalize the work of Gill on the Kahler-Ricci flow [12J. This could give an 
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"elementary" maximum principle proof, but the technical difficulties in carrying this out 
seem to be substantial. 
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